This study presents a modified dual-porosity model for multispecies gas flow with adsorption behaviour, which is formulated from an exact formal solution of a linear multicomponent gas diffusion process within a porous matrix block. Therefore, the coupling effects of mutual-diffusion are included in the representation. This new respresentation, in its first order form, exhibits to be a simple algebraic expression that is of an equivalent computational efficiency in comparison with the traditional Warren and Root. Yet, the mutual-diffusion effect is not present in the latter one.
Introduction
Gas flow in certain types of geological formations, such as coal or naturally fractured porous media, may involve two physically different migration processes; one is related to larger scale distributed networks of natural fractures, and the other one is associated with the much finer porous structures of local matrix blocks between the fractures (Kolesar and Ertekin 1 , Shi and Durucan 2 ). It is normally believed or, more exactly, assumed that the movement of a gas through the larger scale fractures is a permeability flow which can be described by the Darcy law and mainly driven by pressure gradients. While that of the gas inside the matrix blocks are diffusion processes which may involve several different mechanisms, subject to the pore size (Shi and Durucan 2 , Gray 3 ). For these diffusion processes, the concentration gradient is the primary driving force. In addition, in some geological materials, particularly in coal, the gas within the matrix may be stored as an adsorbed phase where the adsorption process can also play an important role.
To deal with a flow problem in such porous media which have two greatly different spatial scales, dual-porosity models (also called matrix-fracture transfer functions) have been developed following the concept proposed by Barenblatt 16 , etc.). Of these the Warren-Root 5 model is a popular approach and is incorporated into a variety of commercial gas-reservoir simulation codes. However, while single component flow models in dual porosity media have received considerable attentions, studies on multi-component dual-porosity models have been much more limited, even though this problem is relevant to a wide range of problems of interest. For example, one area of interest is coal bed methane and CO 2 sequestration in coal, where multi-component gas migration within the dual porosity coal structure is central to interpreting the reservoir behaviour.
Actually, a common approach for explaining such flow profiles in dual porosity formations in reservoir simulators (e.g. Stevenson and Pinczewski 17 ) often utilizes an immediate extension of the Warren-Root model combining a pseudo steady-state assumption of adsorption behavior on the surfaces of the matrix blocks (Kolesar 18, 19 , et al, King 20 , et al). With this approach, the Warren and Root model is applied to each individual component. For each component representation, an independent constant, called characteristic "adsorption time" or "diffusion time", is introduced, which accommodates matrix geometry and diffusion characteristics. However, this treatment is mathematically equivalent to considering the selfdiffusion process of each component in the porous medium merely, while the interactions between gases are omitted. Theoretically, these interactions (Allen 21 , et al, Cussler 23 , and Bear 24 ).can however have significant impacts to flow.
In this study we attempt to present a modified dualporosity representation, which takes into account the effect of mutual-diffusion for multi-species gas flow problems. This new representation is formulated in terms of solving a set of fully coupled linear multi-component diffusion equations in porous media, and thus both the diagonal diffusion coefficients (main term) and their off-diagonal counterparts (cross-term) are all included. Besides, since the present model is developed on the basis of an exact formal solution, it will not, unlike some earlier approaches, give rise to additional inaccuracies due to invoking simplifications or assumptions for relevant boundary conditions. This model is expressed in the form of a series expansion with the first term being algebraic and higher order terms being of an integral form which, when substituted into the equations for flow in the macro or fracture porosity, leads to a system of integro-(partial) differential equations. The differential terms of flow equations are for the Darcy flow in large fractures while integrals in time for the transport of gases within matrix blocks. Consequently, a new numerical algorithm is required to implement this model for reservoir simulation.
A numerical algorithm is presented, which is based on the step-by-step finite difference procedure combining a quadrature scheme, proposed in a previous work of the authors (Connell and Lu 25 ), but extended to the current multicomponent flow case concerned. In addition, unlike the explicit quadrature scheme developed in Connell and Lu 25 , the scheme is fully implicit and is designed for variable time-step. The algorithm is then incorporated into the commercial gas reservoir simulator SIMED II 17 and an example problem is illustrated.
Flow Equations in Dual-Porosity Media
Consider a two-phase flow with a multi-component gas mixture in a dual-porosity medium, for example a coal-bed. In addition to the solid phase of coal or rock (R), there are two other phases: water (W) and gas (G). The gas phase is made up of N C molecular species. It is assumed here that there is no phase transformation between water and gas phases, i.e., water always remains in the liquid phase and gases remain the gas phase. The water index is set to be 1 and gases , respectively, while the solid phase, labeled N
The flow equations can then be expressed by (Allen 21 , et al, Aziz and Settari 22 ) Mass conservation equation
Momentum balance equations (Darcy's law) ( )
and ( ) 
In addition, ∇ in Eqs. (1) to (3) denotes the gradient operator whose spatial derivatives are performed with respect to spatial coordinates,
, which represents the position in the fracture continuum; denotes the Darcy velocity vectors, and
and G λ are the transmissibility corresponding to phase W and G, respectively, which are of tensor forms but in practice only the diagonal components are usually used, and in Eqs. (2) and (3) are the pressures of water and gas phase, respectively, and g is the gravity and
f is the vertical distance from a reference point.
In particular, in Eq. (1) is the source/sink term which contains two terms, namely,
where , is calculated using a dual-porosity model, the focus of the current text;
represents contributions from local production/injection wells whose expressions will not be presented in here as these are readily available in the literature (e.g. Ertekin 
Eqs. (1) to (7) constitute the governing equations describing the flow process in a dual porosity system; however, they cannot be solved until a dual-porosity model (the transfer function), Q i , for the exchange of gases for the fractures-matrix system is specified. In addition, an adsorption isotherm has also to be included when the gas adsorption behaviour is concerned. For instance, if the extended Langmuir equation (Yang 27 ) is employed, the adsorption isotherm function can be written as
Here, denotes the adsorbed concentration of species i, and are, respectively, the 'monolayer' adsorbed amount per unit volume and the Langmuir constant for component i, is the compressibility factor, R the universal gas constant, T denotes temperature. To formulate the fully coupled dual-porosity model incorporating adsorption behaviour, several major assumptions (Lu and Connell 28, 29 ) are needed and they are 1) The movement of gases in fractures is a hydrodynamic bulk flow driven by the pressure gradient and described by Darcy's equation. The transport of gases through micropores inside the matrix blocks is a diffusive flux which may involve different molecular kinetic mechanisms and is primarily driven by the concentration gradients.
2) The diffusivities of gases in the matrix are approximately assumed to be a linear process. Thus, the various mechanisms operating on the diffusive flux are described by effective diffusion coefficients which are constants. 3) Adsorption/desorption of gases within the matrix blocks occurs at a much faster rate than the transfer processes of gas in both fractures and matrix blocks. Namely, the pseudo steady-state assumption (Kolesar 18, 19 et al, King 20 , et al, Shi and Durucan 2 ) is used here, which implies that the equilibrium of adsorption of gas on the surface of matrix blocks is instantaneously established. Thus, the relationship between the amount of gas adsorbed and the pressure in the fractures is defined by the adsorption isotherm following the accepted practice in reservoir simulation of coalbed methane. 4) The concentrations of gases adsorbed on the surface are used as the boundary condition for the diffusive flux of gases inside the matrix blocks. 5) The effect of water/moisture has, as revealed by various experimental studies (Joubert ). Namely, the interior of the porous matrix is considered to be "free of water", or, more precisely, the effects of water/moisture are included in the adsorption isotherm and the effective diffusion coefficients for the matrix and the water within the matrix is immobile. Based on these assumptions, the starting point for the development of our model is from the definition ( 
With Assumption 5 stated-above the concentration of gas species i can be solved using an explanation of the single phase but multi-component transport process within the porous matrix, where
denotes the volume of the matrix block
From mass balance principles the equations for concentrations can be written as (Allen 21 , et al),
φ is the porosity of the porous medium, i ρ the gas density species i while the diffusive mass flux; u is the mean Darcy's velocity, and accounts for the exchange of component i to or from other gas species. 
. (11) In addition, the flow of gases inside the porous matrix is normally a molecular diffusion-dominated process and the effect of the mean Darcy flow can then be neglected, namely, . Thus, for the molecular diffusion process, the diffusive flux can be characterized by the extended classical Fick's law described by Eq. (3) 0
in which Γ denotes the tortuosity of the porous matrix and stands for the tensor of the molecular diffusion coefficients of the porous medium (Allen, et al, 1988) and shall be referred to in this text as the mutual diffusion coefficients. Evaluation of for specific porous media is beyond the scope of this text, and to make the model developed here more feasible for practical computations we simply assume that , together the factor
characterized by a set of constant "effective" diffusion coefficients denoted by ik D , , determined either by experiments or from approximate theoretical models.
( )
Thus, for constant porosity, substitution of Eq. (12) 23 ) can be employed to decouple them. An exact solution is obtained for sphere matrix blocks in the study (Lu and Connell 28 ), which gives
Here, {A ij } is an orthogonal matrix which is formed from the
. (15) In Eq. (14),
is the effective radius of a matrix block.
M a For parallelepiped matrix blocks with the geometry being ( ), a similar representation
, (17) where
In Eq. (18) 2 the expression of function is specified in Appendix A.
In comparison to the representation Eq. (14) which is derived based on a sphere matrix block and the one for parallelepiped blocks, Eq. (17), one can see that Eq. (14) and (17) are of the same form except that the coefficients are different.
Eq. (14) may be more conveniently utilised than Eq. (17), as the former one only contains one single geometric parameter, the effective radius of a block ( ), whilst the latter one has three such parameters (L M a x , L y , and L z ). In practice, these parameters are not readily determined, and they are geologically dependent in nature (Lu and Connell 35 ). Hence, in the following discussion Eq. (16) will be used.
As shown in the study (Lu and Connell 28 ), Eq. (14) has an equivalent representation which is 
We will conduct a further discussion on Eq. (20) in the next section to compare it with the Warren-Root model.
Comparison of the Model and the Warren-Root
The extended Warren-Root model, when applied to multispecies gas flow case, is written as,
, in which k s is the shape factor.
In contrast, when the higher order terms are ignored, Eq. (20) is reduced to ( )
. In comparison to the extended Warren-Root model described by Eq. (21), it can be seen that Eq. (22) is of a similar algebraic form but contains the full effect of mutualdiffusion, with both the diagonal and off-diagonal diffusivities being included through and ( ) . ,
Substitution of Eqs. (23) and (24) into Eq. (22) yields
. which is exactly the Warren-Root model expressed by Eq. (21) with the shape factor k s being , proving that Eq. (21) is a limiting case of the present model at the first order approximation with all the cross-term diffusivities neglected. 
A Numerical Example and Discussions
This example is to illustrate the effect of mutual-diffusion on flow behaviour. To rule out the influence of higher order approximations and highlight the effect of mutual diffusivities, we merely perform a comparison with the Warren-Root model that is described by Eq. (21) and the first-term approximation defined by Eq. (22) .
The model configuration, including well arrangements are specified below.
The computational domain is assumed to be a onedimensional case with L = 618 [m] in length along the direction X, and an injection well being located at the origin of the coordinates X = 0 [m] for injecting CO 2 and a production well located at X = 618 [m] for producing methane. It is assumed that initially, in addition to water, two different gas species (methane and nitrogen) are present in the coal seam, with the initial concentration being =9.89 [mole/m Note that the effective diffusion coefficients for such a 3-component (CO 2 -Methane-Nitrogen) gas diffusion process in a dual-porosity medium are not available, and therefore we have to take hypothetical values in our computation. To make these values fall within a physically reasonable range, they are estimated such that their diagonal values are close to those derived by history-matching in previous coal gas drainage studies using the Warren-Root model (Connell and Jeffrey 36 ). The off-diagonal values are derived by assuming that the ratio they have with their diagonal counterparts is within the ranges for common multi-component gas diffusion problems (Cussler, 1984 Figures 1 and 2 illustrate the gas flow rates of the injection and production wells, respectively. In the simulation, injected CO 2 acts to displace adsorbed methane and nitrogen due to partial pressure effects. Thus a region around the injection well develops which is predominantly CO 2 adsorption saturated. The results shown in the two figures indicate that the Warren-Root solution is no longer identical to the presented model even 1-term approximation. Actually, the effect of mutual-diffusion has rather long term influence on the well performances. For example, as shown in Figure 11 , at a dimensional time = 5 (about 0.5 year in real time), the prediction based on the Warren-Root model is around 10% different to the 1-term approximation solution.
The distribution of methane in the matrix blocks at dimensionless time = 4.25 (150 days in real time) is presented in Figure 3 . It can be seen from this figure that the distribution of methane in the matrix based on the Warren-Root model is significantly different from that obtained with the presented model. The results presented in this figure demonstrate that, before a particular position (at around 0.42 of the dimensionless distance), the Warren-Root model will underestimate the concentration of methane stored in the matrix in comparison to its counterpart, and the maximal relative error may reach up to more than 30%. In contrast, beyond that location the Warren-Root model result is greater than its counterpart and the maximum relative difference can be up to around 15%.
While the CO 2 -matrix concentration results, shown in Figure 4 , are in closer agreement than those discussed above for methane, the nitrogen concentrations, shown in Figure 5 , demonstrate that there are substantial differences between the two dual-porosity models. For instance, the results presented in this figure indicate that the matrix concentration of nitrogen calculated using the presented model is virtually zero for a distance from the origin. This contrasts with the results obtained with the Warren-Root model which predicts that a considerable amount of nitrogen is still stored in this region. In addition, the Warren-Root model underestimates the nitrogen concentration in the region towards the production well, with more than 35% relative errors in some locations.
Note that in this examples, the effect of water saturation in fractures on desorption of matrix gas is considered in terms of the model proposed by Sawyer 37 et al, which is incorporated in SIMED II with the Warren-Root model. With this approach, one can simply introduce an influence function working as , in which
Concluding Remarks
The Warren-Root approach is the industry standard procedure to explaining gas migration in dual porosity media, implemented in many petroleum reservoir simulators. However, the interspecies interactions as described by the extended Ficks law [Eq. (12) ] are neglected in this approach. In this paper, a new representation is formulated, which includes the mutual-diffusivity that has been omitted in the Warren and Root.
The numerical example demonstrated here, to a certain degree, justifies the theoretical importance of mutual diffusivities on the flow process, as significant deviations can be observed in the results from the two procedures when mutual diffusion is included.
It should be noted, however, that the present model is based on the assumption that diffusion within the microporosity is linear, that the diffusion coefficients are constants. This means that this model does not immediately apply to those cases where those diffusion coefficients are strongly concentration-dependent and cannot be effectively approximated by constants. Nonlinear behaviour of this nature warrants further investigation. to (13) Nc as well as their inintial/boundary conditions can be described by
(A-2) 6 and 0
after using the orthogonally linear transform {A ij } specified in the text (Lu and Connell 28 ). Note that a uniform boundary condition is defined on every boundary, since the spatial variations on these boundaries can be omitted in this situation.
In addition, the zero initial condition is imposed here. Yet, it can be readily understood that any non-zero initial condition can be equivalently converted to the zero initial condition, as the partial differential equation related to the dual-porosity model is linear.
Eqs. (A-1) to (A-2) can be solved using a "triple-integral transform" approach (Ozisik 38 , 1968) . Namely, define to (28) 6 , one can find them in textbooks (e.g. Ozisik 38 ) and they are ( )
Applying the integral-transform defined in Eqs. (A-4) to (A-6) and then following the standard procedure introduced in Ozisik 38 , one can eventually have 
Appendix C
The algorithm for evaluation of the presented model is given below (Lu and Connell 28 ) Since the dual-porosity model proposed does not directly involve spatial coordinates, a temporal discretization is only required. Hence, if the terms regarding the flow in fractures, as defined by Eq. (1), have been discretised in the temporal domain by a series of time steps:
; and the current time is denoted by where , as specified previously, is the current increment of time. Thus, at the current time, Eq. (14) can be evaluated with
) . Eqs. (C-2) and (C-2) can be recast into one single unified equation. They are written here in two separate equations for the sake of convenience for a later discussion. In addition, splitting the terms related to the current values may also bring some computational and programming advantages. 
Appendix D
Material properties and well operating conditions used in the numerical example are listed below; except for the equation of state and viscosity for the gases and water viscosity and compressibility properties which were from the literature (see Bradley 38 ).
Adsorption/diffusion properties for gases
a) Adsorption properties ( 
